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Dual Variational Statements Viewed from Function Space - 
R. L. SANI 

University of Minnesota, Minneapolis, Minnesota 

In a recent note (2) W. E. Stewart 
exploited certain dual variational prin- 
ciples, developed by Hill and Johnson 
to obtain bounds for the volumetric 
flow rate Q of an incompressible, 
homogeneous, Newtonian fluid in 
steady, rectilinear motion. More gen- 
eral methods are available however for 
obtaining bounds in linear problems; 
these methods are developed in func- 
tional analysis ( 3 ,  4 ) .  The purpose 
of this communication is to point out 
the correspondence which exists be- 
tween dual variational statements and 
geometric constructions in a function 
space and to suggest the power of the 
more general approach. 

BASIC EQUATIONS 

The mathematical representation of 
an incompressible, rectilinear motion in 
a conduit is 

w = 0 on walls of duct 
Green’s identity combined with Equa- 
tion (1) yields 

Q =  jie w d A =  

_f_ ~ o p V w . V w d A = - D ( w , w )  1 
5) P 

( 2 )  
In order to obtain bounds for the volu- 
metric flow rate Q it is necessary to ob- 
tain bounds for the rate of viscous 
dissipation per unit length of duct 
D(zu, w ) .  

PROBLEM IN FUNCTION SPACE 

The natural setting of a variational 
problem is a space (or set) composed 
of functions which represent conceiva- 
ble dynamic states (velocity fields in 
the present example). Such a space of 
functions is infinitely dimensional, yet 
can be pictured in the same manner as 
the space of free vectors in three-di- 
mensional analytic geometry by imagin- 
ing a function as a vector. In this spirit 
the scalar product of two functions u 
and v in the space is defined to be 

D ( v ,  u )  = pVv*Vu dA p > 0 

(3)  
The positive square root of the quad- 
ratic form D (u, u) 2 0 constitutes a 
distance measure in units of viscous 
dissipation, in function space; conse- 
quently the dynamic states in the space 
can be partially ordered by assigning 
them specific units of dissipation. The 
most important item in function space 
analysis is Schwarz’s inequality, which 
in the present case takes the form 

D a ( u , w )  “ D ( u , v )  D ( w , w )  ( 4 )  
If D(u,  0) = 0, u and 0 are said to be 
orthogonal, u I v .  With these tools 
available, Equation (1 )  can be recast 
in a function space setting. 

Let v be a space of continuous func- 
tions (in x and y) which possess con- 
tinuous derivatives inclusive of the sec- 
ond order and let N represent the set 
of all those functions in v which vanish 
on the walls of the duct; that is 

N =  [ v : u = O  
on the walls of the duct] (5) 

Now all those functions in v which are 
orthogonal to every function in N are 
sorted out and placed in a set N-L To 
do this requires finding all UEU (where 
E means ‘contained in’) and ueN such 
that 

D ( v , u )  = 0 
Every veN vanishes on Lo (the pe- 
riphery of the duct), and consequently 
by the definition of D (0, u )  it is re- 
quired that 

V”u = 0 in S, (6)  
for all u d l ;  that is 

NJ-  = [u  : V2u = 0 in S,] 
Thus Equation (1 )  recast in a func- 

tion space setting becomes 

where w, is any function satisfying 
wrN w-woENL ( 7 )  

P 
V’w0 = - - in S, (7a)  

This formulation is represented geo- 
metrically in Figure 1, where any line 
perpendicular to N represents N l  f 
wi and is an arbitrary constant. From 
the orthogonality of N and N l  it fol- 
lows that 

P 

D ( w - w ~ , w )  = O  W I - W ~ E N ~  

(8)  
Inequality (6) yields the desired up- 
per bound for D ( W ,  W )  : 

Therefore any function satisfying the 
differential equation but not the bound- 
ary conditions of (1) yields an upper 
bound when used in calculating the 
viscous dissipation of the system. The 
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function space equivalent of the pre- 
ceding statement is that the length of 
wl is larger than the length of w ,  unless 
tol = w--a fact which is obvious from 
Figure 1. 

I t  is also evident in Figure 1 that the 
length of av - w. is greater than the 
length of w - w,:  

D (w - w., w - w,)  6 
D ( ~ v  - w., a~ - w , )  (10) 

Since W E N  and w - w.eN1, applica- 
cation of the definition of D yields 
D ( w , w )  A 2 a D ( ~ , w , )  -LY"D(v,v) 

(11) 
The right-hand side of (11) must be 
maximized with respect to LY in order 
to obtain the best possible lower 
bound. Maximization gives 

It  should be noted that any a in (11) 
would yield a lower bound. Relations 
(9) and (12) combined with ( 2 )  pro- 
vide the desired upper and lower 
bounds for the volumetric flow rate: 

( 13) 
where VCN and wo satisfy (7a). 

Sometimes a solution to Equation 
(7a) is difficult to obtain. The diffi- 
culty can be overcome by an invariant 
imbedding of the space v in a larger 
space v'. The imbedding is accom- 
plished by associating elements ucv 
with elements in the space v' in such 
a manner that the operations of addi- 
tion and multiplication by scalars in 
the space v are preserved, and the 
length of functions in o is not changed. 
These restrictions insure that angles are 
preserved, and consequently the or- 
thogonality of the sets N and N-L is 
preserved. 

In the present example all the func- 
tions in v are associated with vector- 
valued functions in a space v' by the 
following linear, isometric mapping: 

V € V  3 g = V v r d  

D'(p ,  4 )  = Pp'q d A  

The scalar product in v' is 

Functions in N I  may be difficult to 
obtain; consequently Nl is enlarged 

N' 

I 
N't we (or NL+ w,) 
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by constructing the orthogonal com- 
plement of N (all vectors in N are 
gradients of scalar functions) in v’. If 
p = VvrN and q t N J ,  then 

Consequently N-L has been enlarged to 

N l ’  = [q : V . q  = 0 in So] 

by invariant imbedding and 

N = [p : p = VV, u = 0 
on walls of duct] 

Note that N k  still includes the previ- 
ous set N - L  

The previous upper and lower 
bounds for the volumetric flow rate 
become 

where vcN and q.(x, y)  is any func- 
tion satisfying 

-P 
v * q .  = - 

P 

FUNCTION SPACE EQUIVALENT OF 
DUAL VARIATIONAL STATEMENTS 

In this section the bounds for the 
volumetric flow rate which were ob- 
tained by Stewart (2) are viewed in 
function space. In so doing the Cor- 
respondence between the method of 
dual variational statements and the 
geometrical constructions in a function 
space becomes apparent. 

From the definition of q, and vrN it 
follows that 

(15) and consequently 

2D‘( VU, 9,) - D’( VU, VV) = 

2 P i 0  v d A - p  Vv-VvdA 

(16) 
Because of Equation (16) and the 
definition of P, the bound (11) for the 
special case a = 1 yields 

(17) 
which is identical to Stewart’s state- 

ment of bounds for J = - ( p .  - 

p , )  Q. I t  was pointed out above that 
inequalities (14), not (11) with (Y = 
1. give the narrowest possible bounds. 
Thus an immediate reward for viewing 
the problem in a function space is find- 
ing that Stewart’s lower bound for the 
volumetric flow rate is not the best 
possible; however it does simplify nu- 
merical computations. 

From the above reconstruction of 
Stewart’s bounds it is apparent that 
dual variational statements represent 
statements about the projections of 
function-space vectors onto specific hy- 
perplanes in function space. The utility 
of function space methods is twofold. 
Firstly, they afford a clear picture of 
the approximation and narrowness of 
the bounds, and secondly, they can be 

-1 
2 

extended to yield bounding techniques 
for the pointwise value of a func- 
tion. Moreover, they are, in the words 
of Synge (3 ,  pp. 33 to 34), “in tune 
with physical space intuitions which 
2re sometimes indispensable for dis- 
covery and rapid understanding.” 

NOTATION 

dA 
D 
L = axial distance 
L 
p 

= differential element of area 
= integral defined by (3) 

= periphery of duct cross section 
= value of thermodynamic pres- 

sure referred to a given 
datum 

P o  - P i  p =- 
L 

Q 

So 
u; 

of velocity field 
V = two dimensional gradient 

= volumetric flow rate through 

= cross-sectional area of duct 
= local value of axial component 

duct 

V’ = two dimensional Laplacian 

aa a2 (,.,,> 
.U = viscosity 
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Flow of Liquids in Horizontal Capillary Tubes 
JOHN F. BITTEN and EDWARD G. FOCHTMAN 

Armour Research Foundation of Illinois Institute of Technology, Chicago, Illinois 

Behavior of liquid-gas systems in the 
absence of gravitational forces presents 
interesting problems for the engineer 
who must design equipment for space 
flight. Utilization of surface tension 
forces which are independent of grav- 
ity to,control the position of the liquid 
has considerable promise. Flow of sev- 
eral liquids in horizontal glass capillary 
tubes has been studied in order to pre- 
dict flow under zero gravity conditions. 

Prime purpose of the study was to 
determine whether or not capillary 
tubes could be used to pump liquid 
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oxygen from a mass of liquid. The 
capillary could be either a conventional 
tube or a porous material. If a capillary 
tube is placed in a horizontal position, 
then it may be assumed that the grav- 
ity forces acting on a liquid flowing in 
the tube may be negligible. Based on 
this assumption it may be speculated 
that the behavior of a liquid in a capil- 
lary tube which is in a zero gravity 
environment can be estimated by 
studying the flow of liquids in horizon- 
tal capillary tubes. 

PREVIOUS ANALYSIS 

During initial considerations of the 
surface tension properties of LOX (liq- 
uid oxygen), it  was thought that the 
rate of movement of LOX in a hori- 
zontal capillary could be calculated 
from known data. It was postulated 
that, under zero gravity conditions, the 
LOX would be drawn into the capillary 
until the tube would be filled or the 
surface tension forces would be bal- 
anced by a contrary force such as the 
viscous drag on the liquid. 
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